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Chapter 1

Decision Regions for the
Normal Density

1.1 Recall: Multivariate Gaussian Density

N(µ,Σ) =
1

(2π)d/2|Σ|1/2
e−

1
2

(x−µ)tΣ−1(x−µ)

note the exponent −1
2
(x− µ)tΣ−1(x− µ) this is a quadratic form in x Σ

is positive definite and symmetric (or at least positive semi definite) does
everybody remember what that means? also recall the eigendecomposition
Σ = PDP T where P is orthonormal and D is a diagonal matrix Motiviation
measurement x is generated by taking some ideal prototype vector µi for class
i and corrupting it with (measurement) noise ν if the noise ν is the result
of the addition of many small noise contributions ν =

∑
k δk, then ν has

approximately a normal density (by the central limit theorem) furthermore,
measurement devices are usually adjusted so that they have no “bias”, so
ν̃N(0,Σi) for some Σi, and

p(x|ωi) = N(x;µi,Σi)

1.2 Decision Regions for the Normal Density

assume that we have classes ωi ∈ {ω1 . . . ωC} assume that the ccds are all
normal, with parameters µi,Σi recall that we can use gi(x) = ln p(x|ωi) +
lnP (ωi) as a discriminant function for Bayes-optimal classification under a
zero-one loss function what do the decision regions and decision boundaries
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4 CHAPTER 1. DECISION REGIONS FOR THE NORMAL DENSITY

look like? we can plug in the normal density and obtain

gi(x) = −1

2
(x− µi) · Σ−1

i · (x− µi)−
d

2
ln 2π − 1

2
ln |Σi|+ lnP (ωi)

gi(x) = −1

2
(x− µi) · Σ−1

i · (x− µi)−
1

2
ln |Σi|+ lnP (ωi)

it turns out that there are several useful cases to distinguish: – all Σi = σ2I
– all Σi = Σ (all the same) – arbitrary Σi let’s look at these in turn

1.3 Σi = σ2I

gi(x) = −1

2
(x− µi) · Σ−1

i · (x− µi)−
1

2
ln |Σi|+ lnP (ωi)

becomes

gi(x) = −1

2
(x− µi) · (σ−2I) · (x− µi)−

1

2
lnσ2 + lnP (ωi)

leave out the common term

gi(x) = −1

2
(x− µi) · (σ−2I) · (x− µi) + lnP (ωi)

simplify the quadratic form

gi(x) = −1

2
σ−2(x− µi) · (x− µi) + lnP (ωi)

rewrite

gi(x) = −1

2
σ−2||x− µi||2 + lnP (ωi)

let’s assume uniform priors for all classes, then this is equivalent to the
discriminant function

gi(x) = −1

2
σ−2||x− µi||2

or even simpler
gi(x) = −||x− µi||2

this means that in the case of uniform priors and equal, spherical covariance
matrices, we classify each x according to which of the prototype vectors µi it
is closest to the decision regions are the cells of the voronoi diagram generated
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by the µi (who has seen the voronoi diagram already?) — let’s return now
to the more general case

gi(x) = −1

2
σ−2||x− µi||2 + lnP (ωi)

expand the quadratic

gi(x) = −1

2
σ−2(x · x− 2µi · x+ µi · µi) + lnP (ωi)

now, x · x is the same for all i (it’s independent of i), so we get the same
decision regions from

gi(x) = −1

2
σ−2(−2µi · x+ µi · µi) + lnP (ωi)

gi(x) = σ−2µi · x−
1

2
σ−2µi · µi + lnP (ωi)

this is of the form
gi(x) = wi · x+ bi

that is, it is a linear function of x we have linear discriminant functions
linear discriminant functions are very important here, we have derived them
in a model-based approach however, later, we will find ways of learning them
directly what is the shape of the decision boundaries for linear discriminant
functions? recall that the decision boundaries are where gi(x) = gj(x)

wi · x+ bi = wj · x+ bj

or
(wi − wj) · x+ (bi − bj) = 0

this is the equation for a plane that is, the decision boundaries are hyper-
planes again, this is true even for unequal priors

1.4 Σi = Σ

that is, all the Σi are the same

gi(x) = −1

2
(x− µi) · Σ−1

i · (x− µi)−
1

2
ln |Σi|+ lnP (ωi)

so, we drop the subscript on the Σi

gi(x) = −1

2
(x− µi) · Σ−1 · (x− µi)−

1

2
ln |Σ|+ lnP (ωi)
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now, we get rid of the terms that are the same for everything

gi(x) = −1

2
(x− µi) · Σ−1 · (x− µi) + lnP (ωi)

we multiply out the quadratic form

gi(x) = −1

2
(x · Σ−1 · x− 2µi · Σ−1 · x+ µi · Σi · µi) + lnP (ωi)

as before, the xΣ−1x is independent of i, so we can drop it and get

gi(x) = µi · Σ−1 · x− 1

2
µi · Σi · µi) + lnP (ωi)

this is again of the form
gi(x) = wi · x+ bi

with wi = µi · Σ−1 so we again have linear discriminant functions and linear
decision boundaries however, the interpretation as Euclidean distance fails
instead, in the case of equal priors, this amounts to classification using a
different distance, namely the Mahalanobis distance

d(x, y) =
√

(x− y) · Σ−1 · (x− y)

1.5 Σi = arbitrary

is there anything we can say about the general case?

gi(x) = −1

2
(x− µi) · Σ−1

i · (x− µi)−
1

2
ln |Σi|+ lnP (ωi)

if we multiply this out, we get discriminant functions of the form

gi(x) = xQx+ wx+ b

these are general quadratic functions their intersections are called hyper-
quadrics they include points, lines, hyperplanes, hyperellipsoids, hyperparaboloids,
and hyperhyperboloids (my favorite!)

1.6 Examples

[show slides with example decision surfaces]

this concludes, for now, our treatment of Chapter 2 in DHS
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1.7 Equal, Spherical Covariances, Equal Pri-

ors

1.8 Equal, Spherical Covariances, Unequal Pri-

ors
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1.9 Equal, Spherical Covariances, Unequal Pri-

ors



1.10. EQUAL, NON-SPHERICAL COVARIANCES 9

1.10 Equal, Non-Spherical Covariances
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1.11 Equal, Non-Spherical Covariances
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1.12 Equal, Non-Spherical Covariances
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1.13 Arbitrary Covariances
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